0.1 Theorem ([1-a, p. 76, Exercise 27], [17] ). Let D be an integrally closed domain. Then D [[x] ] integrally closed implies f~\fL0alD = Ofor every nonunit a eD (2) .
We originally set out to determine if the converse to this theorem is valid; and we show in §2 that it is not. Proceeding from this point, we were led to a consideration of the following statements: (i) During the writing of this paper the author was supported by the Wisconsin Alumni Research Foundation and by the National Science Foundation (grant GP-4074). Our interest in the subject arose out of conversations (with P. Samuel and A. Seidenberg) at the Woods Hole algebraic geometry conference, during which we received support from the American Mathematical Society.
(2) The version of this theorem given in [17] requires that D contain a field, while that of [1-a] is valid for an arbitrary D. Seidenberg suggests the following procedure to remove the requirement from the last two theorems of [17] that the domain (9 (in the notation of [17] ) should contain a field : If 0 is of characteristic p^O, then (9 contains a field and the proof remains unchanged. If char (9 = 0, take n = 2 and apply the same reasoning to b" + 4b"~2t as was previously applied to b" + b"~2t.
(3) An element zeK is called quasi-integral over D if there exists d ^ 0 eD such that dz'e D for all i > 0. D is called completely integrally closed if it contains all such z. For these definitions we refer the reader to Bourbaki [1-a] .
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As for (e), it is easy to show that (e) => (d) (Corollary 1.4). The example constructed in §2 shows that (e) *• (c), and finally in §5 we construct an example which shows that (a)=o(e). This last example also answers a question raised by Ribenboim in [14] . We have thus succeeded in determining all possible implications between the statements (a)-(e).
Our notation and terminology adhere to that of Zariski-Samuel [18] , [19] . Throughout the paper we use D to denote an integral domain with quotient field X, D' to denote its integral closure, and ö [[x] ] to denote the ring of formal power series over D in a single indeterminate x. 
¡=0 veV
The second equality follows from the fact that P)"eKP" <= D'.
1.2 Corollary. Ç^=0a'D' is its own radical.
Let now P ^ 0 be a prime ideal of D. We shall use the notation F(P) to denote a first prime below P, i.e. F(P) is a prime ideal of D such that F(P)<P and such that there exists no prime ideal property between F(P) and P. By Zorn's lemma, there always exists such an F(P) when P is a minimal prime divisor of a principal ideal, but in general F(P) is not uniquely determined by P.
1.3 Theorem. Let P be a minimal prime divisor of aD, and let F(P) be a first prime below P. Then there exists avev such that F(P) = PVC\D. Moreover, if D is a Prüfer domain(A), then F(P) is unique and F(P) = PDe~,D for any veV such that PDC^DV.
Proof. There exists a valuation ring Dv of K containing D and having prime ideals which lie over F(P) and P [11, p. 37, (11.9) ]. If P' is the intersection of the prime ideals lying over P and F' the union of the prime ideals lying over F(P), then F' lies over F(P) and is a first prime below P' in Dv. Therefore aeP' and a #F' implies F' = f^oalDv = P". Thus, PvnD = F(P). Now assume D is a Prüfer domain. Then the prime ideals of D which are contained in a given prime ideal are linearly ordered, so F(P) is uniquely characterized as the union of the primes strictly contained in P. For any veV such that PD"^D0, since Dv is a quotient ring of D, the fact that Pv is a first prime below PDV implies Pvr,D is a first prime below P. Thus, F(P) = Pvr,D. Then R c D cz RM. R is integrally closed implies RM is also integrally closed [18, p. 261] , so D' <zz RM. Therefore z is a nonunit of D' implies d'z is a nonunit of R for some i. Noting that R is a UFD, since z 4 M we can choose an irreducible factor y of d'z such that y is relatively prime to d. Then yR= P is a minimal prime ideal of R such that P C.M = 0. Therefore P* =PRM is also a minimal prime ideal of RM. Since R c D' c PM, D^ = PM. Therefore by the correspondence between prime ideals of D' and D'M, P* C\D' is also a minimal prime ideal of D'; and thus zeP* nD' shows that z is in a minimal prime ideal of £>'. If now P = dT, then P is a minimal prime ideal of T such that P C\N = 0.
Therefore P* -PTN is also a minimal prime ideal of TN; and hence P* C\D' is a minimal prime ideal of D', because TN is a quotient ring of D'. Now observe that deP* DD'. q.e.d.
We have thus proved that £)' has the following properties:
(1) D' is integrally closed, Continuing with the proof of y$Z, observe that (a0by -ct)a + ayb0 = 0 implies a | bQ, since a does not divide at in the UFD D. Thus, by the lemma used (8) As the referee has pointed out, Example 2.4 is complicated mainly in order to illustrate the remark at the end of 2.5. If one merely wants to show thatÄ"[[x]] d: 2, it suffices to consider £¡"10ar 1xi. We would also like to mention that an example closely resembling our considerations in 2.4 and 2.5 can be found in [15] . We turn next to the study of a special situation which is connected with the counterexample that shows (c)=f>(b). 
(b)*>(a).
In [12] ,Nakayama constructs an example of a completely integrally closed domain D such that D is not contained in any rank 1 valuation ring of its quotient field K. He also points out how one can get from such a D to one which is completely integrally closed and such that not every nonunit is in a minimal prime ideal. Thus, in particular, his examples show that (b) *> (a) and (b) *» (e). The procedure used by Nakayama is to first construct a lattice ordered group G with the correct properties and then to show that there exists a domain D such that G is the group of divisibility of K with respect to D (see Jaffard [6, p. 5] , for the definitions). Instead of using Nakayama's construction, one can in general prove the existence of a D having a given lattice group as its associated group of divisibility by employing Jaffard [6, p. 78, Theorem 3] , An examination of the proof of this theorem shows that the resulting D is, in fact, a domain with the property that every finitely generated ideal is principal; so in particular D has the QP-property (see 1.7) . This construction is related to Krull's construction of the C1) We are indebted to P. Samuel for pointing out this example.
Kronecker function ring [9, pp. 558-561] , and may be regarded as a special case of it. (We hope to enlarge on this statement in a future paper.)
The example which we give in the next section shows that (a) =t> (e). It also proves that (b) *-(e) and hence provides an alternative approach to Nakayama's second counterexample. Note that since (a)<=-(e) for a domain with QR (by 1.8), the above method of passing from a lattice group with the correct properties to a domain D via Jaffard's theorem will not produce an example for which (a) *• (e). Thus, in searching for an example to show (a)#»(e), at least in the case of an irredundant intersection, one must look for a domain whose representation as an intersection of rank one valuation rings involves at least one nonrational valuation. We now proceed to the construction of such an example.
5.3. Example. Let fe=rational numbers, J = integers, and fix a prime integer p. Jp will denote the quotient ring of J with respect to the prime ideal pJ. Let x be an indeterminate, and let v denote the extension of the p-adic valuation of fe to k , calls a domain D a "real normal ring with finite character" provided D is an intersection of rank one valuation rings such that every element of D is a nonunit in at most a finite number of these valuation rings. This is a generalization of the notion of "Krull ring", where the valuations involved are also assumed to be discrete. A rank one valuation of the quotient field X of D is called essential by Ribenboim if its valuation ring is a quotient ring of D with respect to a prime ideal of D. He then asks whether every real normal ring with finite character is the intersection of the valuation rings of its essential valuations, [14, p. 218]. This is true for Krull rings and is fundamental in the study of such rings.
We have already observed that the D constructed above is a real normal ring with finite character. From property (ii) above, it follows that D is not the intersection of the valuation rings of its essential valuations ; for if it were, then every nonunit of D would be in one of the centers, which are necessarily minimal prime ideals of L» (12) .
